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Abstract-In this paper a constitutive model based on an internal variable-formulation of plasticity
theory for the non-linear analysis of concrete is presented. The modd uses a new yield criterion
which matches expcriment;l1 dat;1 quite wcll and it accounts for both clastic and pl;lstic stilfness
deltradations effects. Onset and amount of cracking can be studit.'d by a simple postprocessing of
th~ finite-element plasticity solution. The accur;tcy of the model is checked with some e!\amples of
application.

I. INTRODUCTION

The chtssical theory of plasticity. like any mathemalical representation of the mechanical
oehavior of solids. may be viewed in two ways: .ts a translation of physical reality. and as
a model that approximates the behavior under certain circumstances. The lirst view is often
held with regard to ductile crystalline solids. especially metals. although the attempts to
relate mathematical plasticity theory to dislocations have not been markedly successful.
With rcg;.ud to concrete and rock. however. it has generally been acknowleuget' th"t such
prominent features of plasticity theory as a well defined yield criterion ;.tIll! strictly elastic
unloading arc approximations at hcst. Nevertheless. many problems involving these
materials have been quite successfully treated by means of plasticity theory, and these
results are not invalidated by fact th'lt other problems have not been so successfully treated.
nor by the fact that other models may have been equally clli:clive.

The broadest area of success of plasticity theory with concrete is the treatment of
reinforced concrete (see Chen. 1982 for a survey of the results) and other situations in which
the material acts primarily in compression. In problems in which tension. with the attendant
crack development, plays a significant role-such as shc;'lr failure in reinforced-concrete
structures-the usual procedure nowadays is to apply plasticity theory in the compression
zone. and treat the zones in which at least one principal stress is tensile by one of several
versions of fracture mechanics. such as: linear clastic fracture mechanics. Bdant and
Cedolin (1980): smeared-crack models. Rashid (1968). Suidan and Schnobrich (1973). de
Borst and Nauta (1984): the tktitious-crack model. Hillerborg et £If. (1976): and crack
band theory. Bazant and Oh (1983).

In spite of the success of this approach in solving numerous problems. it presents some
inconvenient features that limit its usefulness. such as the need for dclining uncoupled
behavior along each principal stress (or strain) direction. the use of a quite arbitmry shear
retention factor to ensure some shear resistance along the crack. the lack of equilibrium at
the cracking point when more than one crack is formed (Oibte {·t al.. 1986), the difficulties
of defining stress paths following the opening and closing of cracks under cyclic loading
conditions. and the difficulties of dealing with the combined effect of cracking and plasticity
at the damaged points (de Borst. 1987),

Some of these limitations could be avoided if a single constitutive model could be used
that governs the non-linear behavior of concrete. including failure. in both tension and
compression. with appropriate allowance made for the different values of the parameters
describing the two modes. It is the purpose of this paper to formulate such a model in the
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form of a theory of plasticity. It must be recognized at the outset. however. that not all
non-linear behavior of concrete, rock and similar materials is represented by pennanent
(plasticl deformation: at least in the early stages, it may be caused primarily by stiffness
degradation. and the modd must take this into account.

As is well known. concrete and geomaterials eventuaIlv exhibit strain-softening. leading
to a complete loss of strength, unde-r all stress prol.:esses o'ther than triaxial comp;ession i~
which the hydrostatic pressure predominates over the stress deviator. [n particular, strain
softening occurs in both simple tension and simpk compression. While strain-softening in
tension is naturally described in the models based on fracture mechanics. strain-softening
in compression is controversial (Rc:ld and Hegernier, 1984). However, the localization and
mesh-sensitivity ~lssociatedwith strain-softening Ol:cur in tension and compression alike. In
fact, the qll~llit~ltive behavior of concrete and many rocks is not significantly ditferent in
tension and l:ompression. In this regard they resemblt.: such materials as cohesive soils. and
may be classed with them as/rictional mutaials with cohesioll. The eventual loss of strength
may be thought of as the vanishing of the cohesion.

The essenti"ll elements of any model based on classical plasticity theory are the yield
critaioll, the/fOil" rule and the Iwrdeflifl,q rule, the last to be interpreted in a broad sense so
that both hardening amI softening may be m:counted for. and to be identified with the
evolution equations of the internal variables contained in the yield criterion. For such a
model to be capable of representing the behavior of a material such as has been described.
the yield criterion must be of a form in whidl the com:cpt or cohesion is unambiguously
dc!inet!. and the hardening rule must be such as to lead to thc vanishing of the cohesion.

Thl: first of thcse ohjectives is met hy the Mohr COUh1ll1h and Drucker Pragl:r yil:ld
criteria, which have the form

(I)

where l-ltr) is a function of the stress components that is Imnw!J<'fl{'oUS ol the .first degree,
and c may he identified with the cohesion or some constant multiple thereof. Thcse criteria.
however. do not rcpresent experimcntal results for concn:te llr rocks very well unless they
arc suitahly modified (Read and Hegemier, 19X4; Oiiate et al., 19l'17, 19XX). In recent years
lHlmeHH1S yield ~llld failure surlll.:es Il.l!· com:rete haw hcen proposed: Chen and Chcn
(1975), Ottosen (1977), Chen (1982), Podgr:lrski (19X5). FanJis <Ind Chen (19X6), Klisiilski
am.! MrtlZ (1987), Dvorkin cl ul. (19X7). Very few of them. however, havc the form described
above.

When a ykJd criterion of the rorm of eqn (I) has been I'l.HlIld. the second objl.:cti\'c of
thl.: model may be mel if the cvolution or the cohesion c is determined by a p!a.\'ti('-dutl1(l.(jc
coriuM.. \vhich resl.:mhlcs the Iwrtlt'lIillfJ ('afiah/e of the isotropit.: hardening rule of dassical
phlsticity in that it never decreases, and it increuses if and only if plastit.: deformatitm takes
place. However, strain-softening. re4uircs that tht: <.:ohesiol1 det:rt:ast: aftt:r a maximum valuc
(for which t:ql1 (I) represents the .fiJi/life sll~/;u'e) has becn rea<.:hed. and that it vanishes
when the pl<lsti<.:-damage variable ,lttains a critit.:al v,lIue.

A model meeting the aforementioned objectives. based on a simple moditk<ltion of
dassical MohrCoulomh plasticity, has hl..'en previously prcsent;.;t! by the authors (Oliate
('/ al., 1987, 19l5l'I). It is the purpose of this paper (0 present an improved modd of this type
based on:.ln internal-variable formulation of plasticity theory. and with a new yield ;.;riterion
that matches experimental data for concrete quite well. The model will be desl:ribed and
discussed in Section 2. with el'lstk stiffness degrmlation. however, negkded. An extenshm of
the modd to account for stilTncss degradation will be presented in Section 3. Computational
implications ()f the model, with numerical solutions of illustrative problems. will be discussed
in Section 4.

2. TilE PL.·\STIC-D,.\\I,.\GE \IODEL WITIIOUT STII·TNESS DEGI{i\IHTION

2.1. Gell(!ral/<·(/tures
As desc'ribed in the Introduction, the plastic-damage model is a form of classical

plasticity theory in which the usual '"hardening variable" is replaced by a pilistic-damaqc
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variable K. similar to the former in that it never decreases. and increases if and only if plastic
deformation takes place. However. the plastic·damage variable cannot increase beyond a
limiting value. and the attainment of this value at a point of the solid represents total
damage. which can be interpreted as the formation of a macroscopic crack. The variable K

can be non·dimensionalized so that its maximum value is unity.
As was also said. the model is intended to apply to frictional materials. in which total

damage is assumed to correspond to the t'anishing of the cohesion. The yield criteria most
often used for such materials are the Mohr-Coulomb and Drucker-Prager criteria. both
of which may be written in the form

£«1) = c. (2)

where c is the cohesion. and F«1) is a function that is homogeneous in the first degree in
the stress components. However. both these yield criteria have notoriously poor correlation
with experimental data for concrete and geomaterials. Numerous improvements to these
yield criteria have been proposed in recent years: Chen and Chen (1975). Ottosen (1977).
Chen (1982). Podgorski (1985). Fardis and Chen (1986). However. they do not take the form
ofeqn (2) with F«1) a homogeneous function of the stress components. and consequently do
not permit an unambiguous definition of the cohesion. A first attempt of the authors to
obt<lin suit<lble yield criteria for concrete in the form of eqn (2) was to modify the Mohr
Coulomb criterion to tit experiment<ll data. Numeric<ll results obt'lined in the finite-clement
analysis of various concrete structures using the framework of standard plasticity theory
were encouraging and motivated the present research. A new yield criterion of the form
(2). whose fil with experimental dat<l is about as good as that ofany other proposed criterion
(except possibly in the domain of high hydrost<ltic pressures) will be presented in Section
2.4.

The cohesion c will be scaled so that its initial value is.flh the initial yield strength in
uniaxial compression. which may be identified with the "discontinuity" stress. i.e. the stress
<It which the volume strain atl,tins its extremum. Consequently (' = j;u when I\. = 0 <lnd
c = 0 when I\. = I. However. unlike the usual plasticity models with isotropic hardening. c
is not necessarily taken simrly as <I function of 1\.. R<lther. the value of c at a given K may
derend on the process-that is. the cohesion c is itself <lssumed to be <In internal variable.
governed by a r,lte equation in which i' is proportional to K. the proportionality factor
being a function of the st.lte variables.

If degradation of the cr<lstic stiffness is not taken into account. and if the elastic stiffness
tensor is denoted by O. then the governing equations of the model consist of: (a) the yield
criterion (2) ; (b) the elastic-pillstic strain decomposition

(c) the jlolt' rule

'p .'Il = I.g.

(3)

(4)

where 1. the plastic loading factor and g = DG/c;(1 is the plastic now vector normal to the
plastic potential surface G = const; (d) the rate (''!IUltion jc)r 1\.. which will be assumcd to
be of thc form

and (e) the rate equation for c. of the form

c= k«1.C.K)~.

(5)

(6)
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Fig. l. Vnia:\ial curvcs (a-;;"): (a) tcnsion; (b) comprcssion.

2.2. Definition ojl\
Uniaxial stress states. Let us suppose that we have available experimentally derived

stress-strain diagrams in uniaxial tcnsion and compression. and that these may be converted
into a--sP curves. as in Fig. I. Let us further assume that the areas under these curves arc
finitc and equal to ,qt and 9<. respectively. For the tension test. let us detine

(7)

With 1\ as the independent variable. curve (a) of Fig. I may further be converted into a
function (1 = j;(".). such thatj;(O) =;;" andj;( I) = O. Similarly. for the compression test we.:
may ddine.:

(g)

and conve.:rt curve (b) of Fig. I into (1 = j~(n:) such that;~(O) =fcu andfc(l) = O.
An analytically convenient function /(1):) that may serve as either ;JI>:) or ;;(1\) and

which is consistent with the f;lct that experimentally observed stress-strain curves tend to
attain the zero-stress level asymptotically (rather than at a tinite "ultimate strain") may be
derived from the (1-I;P relation given by

where a and b arc dimensionless constants that may be obtained if 9 = fL. (1dl;P and
Il

Note that a > I implies initial hardening. while a < I implies softening immediately after
yielding.

By integration we obtain
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Fig. 2. Uniaxial curves (11-/\:) : (a) tension: (b) compression.

1 i'· 1". = . qdlf = 1- - [2(1 +a) exp (-b6P) -aexp (-2b6P
)].

9 0 2+a

so that. for a #- O.

and therefore

f··--·
q =j{n:) =~~[(I +a)jep(n:)-t/)(n:)].

a
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where e/J(K) = I +tI(2 + a)K. If a> I, then f(K) attains a maximum v<llue of
j:n =j;)(1 +a)!/4a. or

The siy"ijiCllflce ofYI allli Y,. H has been m<lde abund<lntly clear over the past dec.lde
that the strain-softening branch of the stress-strain curves of concrete and rock cannot
rC'prescnt a local physical property of the material. The arguments have been advanced
both on physical grounds and on the basis of the mesh-sensitivity of numerical solutions
obtained by me<lns of the finite-dement method. The mesh-sensitivity can be largely elim
in<lted if one det1nes 9. = GIll and go = Gjl, where I is a characteristic length related to the
mesh size. and GI and Go are quantities with the dimensions of energy/area that are assumed
to be m<lterial properties.

In problems involving tensilt: cracking. G. may be identified with the specific fracture
energy Gf • defined as the energy required to form a unit area of crack. It has generally
been assumed that Gr is a true material property. and methods have been developed for
determining it (Rots etal.• 1985). For the characteristic length I, various approaches have
been proposed: Baiunt and Oh (1983). Crisfield (1986). Cerveru et al. (1987), Oliver (1988).

Not so much uttention has been paid to the corresponding compressive problem.
Compressive failure may occur through several mechanisms-crushing. shearing. and trans
verse cracking-and consequently Go. if it is indeed a material property. cannot readily be
identified with any particular physical energy. Moreover. it must be kept in mind that it is
only the descending portion of the stress-strain curve that is mesh-sensitive. Consequently.
a consistent definition of g< must take the form g<o+gc\. where g~ll is the area under the (1

f:P curve up to the peak stress. and g<1 is the remainder. Now, geO is mesh-independent and
is therefore a material property. For gel we postulate. for convenience. that .q<l = Ged/t.
where I is the forementioned mesh-dependent characteristic length for tensile cnlcking, and
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Gd is an assumed material property chosen in such a way that the numerical analysis of a
standard compression test gives results that coincide with experimental data.

,\-Iultiaxial stress states. In attempting to extend the preceding definitions to multiaxial
stress states. we consider first pure (but not necessarily uniaxial) tension and compression
states; that is. if the principal stresses at. a z. a) are ordered such that a t .~ a z ~ a 3. then
either a.l ~ 0 (pure tension) or a t ~ 0 (pure compression).

More specifically. consider biaxial compression. i.e. at = O. It is tempting to use the
total energy dissipated. f (a J d/;~p +a.l deV,). suitably normalized. as a damage variable.
However. experiments by Kupfer et al. (1969) and Tasuji et al. (1978) indicate that even
f (a.l de~ alone is greater in the biaxial than in the uniaxial case. if /;~ is identified with the
offset strain (total strain less extrapolated elastic strain. allowing for stiffness degradation).
Moreover. on the a.\~/;J curves. the peak stress occurs at a value of the /;~ that is approxi
mately independent of the stress-component ratio a)ia". Consequently the area under the
aJ~f.~ curve up to the peak is approximately proportional to the ratio la.tlm;n to the uniaxial
valueKm (conventionally denoted}:). (n order that the value of 1\ corresponding to the peak
stress may be the same in tht: biaxial as in tht: uniaxial compression case, the definition (8)
cannot be used in the biaxial case either. An alternative definition of 1\, which reduces (8)
in the uniaxial case, is embodied in the rate equation

(9)

Analogously, in pure multiaxial tcnsion we can assume that

( 10)

Finally, we consider a state of stress tlmt is neither pure tension nor pure compression.
i.e. (j I > 0 and (j \ < 0 (for example. simple shear). We need an equation for 1\' whose right
hand side tends to that ofeqn (9) or (10) as (j \ -> 0 or l1 1 -> O. respectively. Such an equation
may be deduced from the more general equation, presumably valid at all stress states,

(II)

where r«(1) is a weight 1~I\;tor depending continuously on a such that 0 ~ r(a) ~ I. with
r(a) = I if (j, ~ 0 for all i. i = I. 1. 3, and r«(1) = () if l1 j ~ 0 for all i. A particular form of
rea) is

)

L <(ji)

(
, • I

r a) = )- _...

L jO',1
,- I

( 12)

where <x) = W.':I +x). The special cases of pure tension and compression follow obviously
from egn (12). For biaxial tension-compression (0'1 > 0, a2 = O. (13 < 0), egn (12) yields
the following rate equation for 1\:

In particular, in a simple shearing test (at::: r::: -l1h (j" = 0), the rate equation for 1\ is
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1.3. The ('-I( relation
It follows from the discussion in Section 2.1 that the evolution of the cohesion c must

be such that c ...... 0 as I( -+ 1 in any process. In particular. in view of the scaling of c, the
rate equation for c. eqn (6). must have the solution c =fc(l() in a compression test and
c = (f...{J/ftIJ)ft(K) in a tension test.

If. as some investigators. for example Chen (1982). hold. the compressive and tensile
stress-strain curves are similar. withfc(K)ff...{J = h(K)/};o. then the rate equation (6) may be
replaced by the functional relation c =}JK). Otherwise. a form must be assumed for
k(a. K. c) in eqn (6) which leads to the solutions discussed above. A possible form is

[
r(a) , l-r(a) , ]

k(a. K. (') = c };(K) ft(K) + fc(") fc(K) • (13)

where rea) is a weight factor similar to the one discussed previously. and may in fact be
likewise assumed to be given by eqn (12),

To show that c ...... 0 as K -+ I in any process. we note. first. that r will. in general. vary
in the course of the process. With the help of eqns (12) and (13). (6) may be written as

din (' = rd In};+(I-r)d In}:.•

and. through integration hy parts. rewritten as

din c = d[r1nJ; + (I - r) d In!.J + In (fcl/;) dr.

I:inally. it can he integrated to yield

Since there is no reason to expect the integral J::~ In (fcl/;) dr to become infinite in any
physically realistic process. and since fcC I) = Jj I) = 0, it follows that c = 0 when K = I.

2.4. The yield surfllce
In biaxial tests on concrete and geomaterials it is usually found (Kupfer et al., 1969)

that the various critical surfaces in stress space (proportional limit, "discontinuity",
"failurc") arc similar. The same result is not found in triaxial compression tests, at least
at sulliciently large hydrostatic pressures; under these conditions it is found that the
hardening goes on indefinitely. In order words, while the yield surface (however defined) is
dosed. the failure surface is open in the direction of hydrostatic compression. The so-called
CtlP modd (DiMaggio and Sandler, 1971) has been used to describe this discontinuity.

The present modd is directed toward failure analysis. and therefore no attempt will be
made to formul'lte the yield criterion in the region in which failure does not occur (should
this become necessary. thc cap model may be resorted to). Equation (2). consequently, is
assumed valid only in that part of stress space in which radial loading leads to failure. With
c =f...11. this equation describes the corresponding part of the initial yield surface, while the
failure surface is an.tined when c reaches its maximum along a given loading path. It is an
essential feature of this model that the same function F(a), homogeneous in the first degree
in the stress components. describes both.

As was discussed in Section 2.1. the many analytical forms that have been proposed
for the failure surface of concrete are not of this nature, except for the Mohr-Coulomb and
Drucker-Prager criteria. As a rule, they are quadratic in the octahedral shear stress (or,
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equivalently in "J;. where J: is the second invariant of the stress deviator) and linear in
the mean normal stress (or in II' the first invariant of stress); the third invariant enters
through the polar angle 0 in the deviatoric (;::) plane (Chen and Chen. 1975; Ottosen. 1977 ;
Chen. 198~; Podgorski. 1985: Fardis and Chen. 1(86). With these forms. the meridians in
the <1 1<1:<1J space are curved. so that the failure surl~lce tends to a circular cylinder as II -.
-x. If. however. the high-pressure region is excluded. then virtually all available failure

data can be fitted quite well into eqn (~). in which F(<1) has the form

( 14)

where 2. fJ and i' are dimensionless constants. This form will be adopted in the present work
for the yield surface. Note that when 17",.1, = O. i.e. in biaxial compression. this is just the
Drucker-Prager criterion. the only parameter then being 2. which can be obtained by
comparing the initial equibiaxial and uniaxial compressive yield stresses/~) andj~o:

j;" 1-2

I~" I -~:<'

yielding

(/;,,,III)-1
1. = 2(/;.,(11) _ I . ( 15)

Expcrimcntal valucs Of/~IIU:II lic betwccn 1.10 and 1.16. yidding 'l. between n.os and 0.12.
Once J. is known. Ii can be determined from("I/;II' whaej;1I is the initial uniaxial tensile

yield stress:

III 1+ 1. + /i
j:1I I-J.·

or

For example. if J. = 0.12 andj~1I = IO.(lf;II' then /i = 7.6'1,.
The parameter " appears only in triaxial compression. that is. in stress states with

(1'M < O. Let TM and eM designate. respectively. the "tensile meridian" ((11 > a: = (1,)

and the "compressive meridi,II1" (a l = a; > (71) on the yield surface. On the former.

and on the laller

With am", < O. the cquations of thc rcspcctivc mcridians arc thereforc

(TM)

and
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here fc is the critical stress in uniaxial compression. whether yield stress (for the yield
surface) or ultimate stress (for the failure surface). Let us define

the present model then yields

y+3
p:=: 2y+3' (16)

that is. a constant. The meridians thus described are therefore straight. In spite of the claim
ofOttosen (1977) that p "increases from 0.5 ... but remains less than unity". most available
experimental failure data arc fitted just as well with straight as with curved meridians
that is. with constant values of p. Typical values range from about 0.64 (Schickert and
Winkler. 1917) and 0.66 (Richart et al.• 1982). to about 0.8 (Mills and Zimmerman. 1910).
From eqn (16) we obt'lin

3(I-p)
i' = "..------.~--.

2p-1

A value of p = i leads to y :::: 3.
The form taken by the proposed yield surface on different phmes of the stress sp<lce is

shown in Fig. 3.

2.5. Flow wit' llml f1l1l!Ji'nt sfiJP/('ss
It is well known that granular materials such <IS concrete can exhibit a significant

volume change when subjected to severe inelastic states. This change in volume. caused by
pl<lstic distortion. can be reproduced well by using an adequate plastic potential function
G in the definition of the flow rule as given by eqn (4). for the examples analyzed with the
prescnt model we have chosen for G the clm~sical Mohr-Coulomb yield function with the
angle ofdilat.mcy '" substituting !'{)r the angle of internal friction c/J (Onate t't al.• 1988):

I -- ( sin () sin "')
G(a."'):::: ; sin "'+JJ1 coso- -fi- . (17)

In the absence of stiffness degradation. the tangent elastic-plastic stiffness operator
has the usual form ofclassical plasticity theory. given in the six-dimensional vector notation
for symmetric St.'Cond-rank tensors by

(Og)(Ot)T
0<1' =0- ------. (/8)

H+rrOg

where r = (JF!(!a. g :::: 2G/('a and fI is the plastic modulus. given in the case of the present
model by khTg. Regardless of whether an associated flow rule (g = t) is used or not. eqn
(18) requires the values of the normal vector r to the yield surface. However. the yield
surface presented in Section 2.4 is not smooth. and a decision must be made as to the value
of r at the singul'lr points.

The singul;u points of the yield surface are the following: (a) those where the maximum
normal stress changes direction. comprising the compression meridians: (b) those where
the maximum normal stress changes sign. belonging to the intersection of the yield surface
with the three quarter-planes that bound the triaxial compression octant. namely <il a I =O.
a1 < O. aJ < 0, (ii) al < O. a1 =0, a) < O. (iii) at < O. a1 < O. a) =O.
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The compression meridian. say al =a: > aJ. includes cases of axial symmetry. in
which. by virtue of said symmetry, one must havefl = f:. It is not unreasonable to extend
this rule to all cases corresponding to compression meridians-that is. to place r exactly
midway between the bounding normals.

The other set of singular points is of great importance because it includes biaxial (and.
as a special case. uniaxial) compression. Suppose that 0'1 > 0': ~ aJ. Differentiating the
right-hand side of (14) with respect to a 1 yields

where J = Pif 0' 1 > O. ¢ =rif a1 < O. and b is indeterminate in the range between fJ and t
if 0'1 = O. In this case there is no symmetry argument to dictate a choice of J. and recourse
must be made to empirical information.

Andanaes et al. (1977) report that concrete under biaxial stress apparently does not
exhibit normality of the plastic strain-rate vector to the yield surface. although the results
are not altogether clear because the authors do not spell out how they define elastic strain
that is. whether it is defined by the initial modulus or (as it should be) by the current
(degraded) secant modulus. If it is the former. then a correction would bring the results
closer to normality. Even without this correction. however. normality is fairly closely
approached at uniaxial compression in tlte limit from the biaxial compression qlladrant.
This indicates that. if an associated flow rule were used with the present yield surt~lce. then
at the singulnr points corresponding to 11m", =O. () would h,we the value t. This result will
be adopted .IS a working rule for the definition of f at the singular points belonging to
category (b).

Uniaxial compression is represented by a point that is the intersection of the just
discussed singularity locus with a compression meridian. If 0"1 =O"l = 0 and 0'\ < O. the
rule we have adopted yields

j . . I (I )1=1: = i-'1 i +'1+}' .

I
/1 =-- (-I +(1) = -I.

1-'1

With an associated flow rule. this result gives the following value of the ratio of the
transverse to the axial tOlal strain rates:

where E is the clastic Young's modulus. v is the elastic Poisson's ratio and El is the current
tangent modulus.

3. TilE EFFECT OF STIFFNESS DEGRADATION

3.1. General considerations
In the presence of stiffness degradation. i,e. when the elastic stiffness 0 varies in the

course of deformation. the preceding results must be modified, in particular with regard to
the formulation of an associated flow rule.

H will be assumed that stiffness degradation can be described through the dependence
of the stiffness D on two sets of scalar-valued internal variables. to be called the elastic and
plastic degradation variables. and to be denoted d l • d l • .•. and e5 10 e5:•... , respectively.
The former are similar to the damage variables such as those considered by Simo and Ju
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(1987) and others. in that their variation is associated with the total deformation. but
without the necessity of a damage criterion. Their evolution will be assumed to be governed
by rate equations of the form

(19)

where k, is a vector in stress space denoting the direction of what may be called degradation
loading associated with the variable d,. and tP, is a positive scalar factor; the tP, and k, are
functions of (1 and the d,. and the tP may incorporate a damage threshold in the sense that
they may vanish inside some surface in the space of the state variables.

The plastic degradation variables bj are those associated with plastic deformation. and
constitute a special case of the damage variables introduced by Chaboche (1977). in that
they are governed by the rate equations

(20)

where ;: is the plastic loading factor in the !low rule (4). With the further choice Ili = IIg.
these rate equ'ltions become

(21 )

where the I} arc likewise vcctors in stress space.
A distinction between the degradation variables used here and the damage variables

that appear in continuum damage me<:hani<:s is that we do not invoke the con<:ept of
ejJectil'e slress introdu<:ed by Kachanov (1958) and developed oy Rabotnov (1969) ami
others. su<:h as Martin and Leckie (1972) and Hayhurst and Le<:kie (1973), A<:cording to
this concept. the equations governing the behavior of the damaged material arc obtained
from those of the undamaged material by repladng the true stress (1 by the clfc<:tive stress
(1/( I - til. where tI is the damage variable; therefore the stilfness D is repla<:ed oy (I - til D.
However. while the notion of etfe<:tivc stress may be appropriate in metal plasticity and
creep in view of its microphysical basis. it is less so in the case of concrete and geomaterials.
It will consequently be assumed. at least to begin with. that n depends on the degradation
variables in a general way. s() that

It follows by dilfen:ntiation with respect to time that

Now. from the chain rule and eqns (19) and (21).

I, '1.~I)n/<kT'> ~11)'~'IT'1') = f.., (v,!· i (I, ,l: + L. ( i u)j J l: .
j

We define the operator Co by

(22)

note that Co is a nonlinear operator in that it depends on the direction of Ii.
We also define the linear operator
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Cp = 0-LcOjObjO-'erf
j

From the definitions (22) and (::;3) it follows that

311

(23)

(24)

Let the yield criterion be given. as before, by eqn (2). Note that we are omitting any
dependence of the yield criterion on the degradation variables. in contrast to the continuum
damage mechanics model based on the aforementioned notion of effective stress. which
necessarily brings the damage variable into the yield criterion. As we said above. this model
has a physical basis for metals. but in the case of concrete and geomaterials the theory of
plasticity is at best an approximate mathematical model of behavior, and its usefulness
would be impaired by complications.

The consistency condition

(fd = c.

where f = tFj('a. combined with eqns (5). (6). (9). and (24), yields

where

(25)

is the plastic modulus. whenever 1.. > O. Stability under strain control implies that

and this condition will be assumed to be met. Consequently

(26)

and therefore the elastic-plastic tangent stiffness operator is defined by

(27)

in place of eqn (18). The tangent stiffness, as a piecewise linear operator. is symmetric if C.
is symmetric ami if Crg is proportional to CJf. The symmetry of C. will be examined in the
next section. while in the following one it will be shown that the aforementioned pro
portionality is an appropriate form of the associated flow rule in the presence of stiffness
degrad':ltion.

3.2. Elastic degradation
The simplest hypothesis of clastic degradation is based on a single variable d (Kach

anov. 1958). such that

0= (I-d)0o, (28)

where 00 is the initial stiffness. For an isotropic solid. this hypothesis implies a constant
Poisson's ratio. which several investigators, e.g. Kupfer et al. (1969). have reported for
concrete up to a stress level that approximately coincides with the onset of major cracking

SAG lS: l-G



3I::! J. Lt:BLl:-.t:R tit at.

(typically some 75-80% of the ultimate stress) and that therefore may be reasonably taken
as representing the yield stress. Equation (28) leads to the operator Co given by

(29)

Thus Co is symmetric if and only if k is proportional (or equal. with no loss of generality.
since any proportionality factor can be absorbed in 4» to a. In other words. elastic stiffness
degradation is associated with an increase in the total deformation work. Note that. in the
elastic range. aTt = (I-dH~'o. where 2Wo eTDa. is the square of the undamaged energy
norm of the strain (Simo and Ju. 1987).

However. the majority of investigators of the multiaxial behavior of concrete (see
Cedolin et al.. 1977 for a survey; also Andanaes et al.• 1977) have found degradation
behavior that is not described by eqn (28). Instead. they have found that the bulk modulus
depends primarily on the volume strain. and the shear modulus on the octahedral shear
strain. In the elastic range. this dependence is equivalent to one in which the bulk and shear
moduli arc determined respectively by the volume work and distortional work. and can be
described by assuming. in place of eqn (28) that

(30)

where h (G) and hI) ((ill) denote respectively the current and initial values of the secant
bulk (shear) modulus.

The () x 6 stitrness matrix of an isotropic solid ean he wriHen in the form

where t = (I. I. I. O. O. 0). dev = 1- \11 r (I being the 6 x 6 identity matrix), and

2 0 0 0 0 ()

0 2 0 0 0 0

0 0 2 0 0 0
U= 0 0 0 I 0 0

0 0 0 0 I 0

0 0 0 0 0 I

Thus

D· I 1 ·1. 1 IIt + --U···dev
9K G '

where

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0
U 1=

0 0 0 I 0 0

0 0 0 0 I 0

0 0 0 0 0 I

and therefore. since U deY U-Idev = dey.
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where (10 = ~IT(1 is the mean normal stress, and 5 =devC1 is the stress deviator. Consequently
Ce is symmetric in all processes if and only if k I = (101 and k 2 = s--that is, if the bulk and
shear stiffnesses are associated, respectively, with an increase in the volume and distortional
deformation work.

let us consider. for example. an exponential dependence of the moduli on the cor
responding strain, i.e. a dependence given by

where (II and (12 are constants. and E. = ITS and 1""1 = 2.jSTUB/6 are the volume strain and
the octahedral shear strain, respectively. It can be shown that these functions can be
obtained, in monotonic radial loading. from the following forms of 1>1 and <Pz:

3.3. TIt<, associated/low rlile
It is well known in classical plasticity theory that what is genemlly known as the

associated flow rule-that is. the normality of the plastic stmin-rate tensor to the yield
surface in stress space-is equivalent to the axiom of maximum plastic di.'isipation (MPD)
when the clastic stiffness is constant, or. more generally. when the fn.-c energy (at a given
temperature) may be decomposed ,1S

where the (x, arc the plastic internal variables i.e. variables whose rates vanish whenever
liP = O. Such consequences of the associated flow rule as uniqueness of solutions to boun
dary-value problems and the theorems of limit analysis flow largely from the MPD axiom.
which has also been helpful in clarifying the form taken by the associated flow rule in large
deformation plasticity (lubliner. 1984, 1986).

In its most general form, the MPD axiom may be expressed as follows. let the free
energy be written as rjJ(Be

• (X 10 ••• , P10 •••), where Be = £ -tP is the clastic strain. the (Xi are
the plastic internal variables as above and the {l) are any other internal variables. The total
dissipation is

Since C1 = iJrjJ/Vge
• the dissipation may be decomposed as

where

and
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D r -p 'f\ ct/! 
p = iT I: - L. -.;-- :x,_

, C:X,

The latter is the plastic dissipation. a function of I:-I:
p

• :Xl••••• Pl' ... ; i P• jl••••• The
MPD axiom assumes that

if 1:* is a state of strain that can be attained from I: by means of an elastic process. i.e. one
with no change in I:

p
• the :x, or the PI" In simple cases inequality (31) reduces to the well

known form

With Dp a differentiable function of l:-I:
p

• inequality (31) may also be expressed in the local
form

(32)

For an clastic-plastic solid exhibiting linear elasticity with degradation as described in
Section 3.1. the free energy may be written as

where D depends on the el, and (5,. as before. Note that thc <>, arc included among thc :X,.

Thc plastic dissipation is. accordingly.

and thc local form of thc MPD axiom. incquality (32). becomes

or. in view of eqn (23).

The flow rule (4) implies that

(33)

whcncvcr;' > O. that is. whcncver

(34)

in view ofcqn (26). The simultaneous satisfaction of inequalities (33) and (34) requires that
Cpg be proportional to or. with no loss of gcnerality. equal to CJf:

(35)

In a solid with clastic and plastic stiffness dcgradation as defined here. then. the flow rule
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(4) may be regarded as associated if g obeys eqn (35). In the absence of degradation,
C. == Cp = 0 and therefore the classical form g == r is recovered.

If eqn (35) holds, the tangent elastic-plastic stiffness is defined by

(36)

It thus differs from the classical form only in that the constant elastic stiffness 0 is replaced
by C•.

3.4. Plastic degradation-an example
A simple model of plastic degradation that may be appropriate for concrete is based

on the assumption that plastic degradation occurs only in the softening range, and that the
stiffness is then proportional to the cohesion-that is, there is only one plastic degradation
variable <5 == <5 I, with the current stiffness given by

and with <5 governed by the rate equation

1-<5
c> == -( -('),

c

the initial valuc <5 being zcro, so that, in the softening range «' < 0),

c
<5 == 1----.

("mUll

The vcctor I = II appcaring in eqn (21) is accordingly givcn by

I-(j T
I = ~- (-k)h ,

c

the quantities hand k being those of eqns (5) and (6). Thus

(-k) T
C == 0+ ----ah .

p c

Equation (35) may now be solved for g:

(37)

The plastic modulus H as defined by eqn (25) is given by

(38)

4. NUMERICAL EXPERIMENTATION

The constitutive model presented has been implemented in a standard finite element
program for non-linear analysis ofstructures and applied to evaluate the numerical response
of several specimens for which experimental results are known. Before entering in the
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Fig. 4. Direction of cracking.
II

discussion of the examples analyzed. some general considerations on the definition and
representation of cracking have to be mentioned.

Cracking is the most important external manifestation of damuge in a concrete struc
ture. In order to obtain a graphic representation of this kind of dumuge. some parameters
arc evaluah..d at each integration point a posteriori. once convergence of the non-linear
solution has bt..-cn reached. This can be interpreted as a postprocessing of the results in
which conditions for onsct of cf<lcking. crack directions. plastic strains (as a measure at the
opening of the cracks). {'nayy dissipation and shear-retention/actor arc computed by means
of the following procedure:

(a) Cracking initiates at a point when the plastic-damage variable" is greater tll'ln
7.ero. and the maximum principal plastic strain is positive. The direction of cracking is
assumed to be orthogon.lI to that of the maximum principal plastic strain at the d..tmaged
point. Othcr criteria for defining onset and directions ofcracking as the locali:=ation collditioll
based on the acoustic tensor (Willam and Sobh. 1987). or maximum ('fU:r.C/y rclea.w: (Bazant.
19l:l6). arc also possible.

(b) The vector of plastic strains along the directions of the crack. c". can bc obtained
in terms of the plastic strains ell expressed in global Cartesi~m axes as:

{
r

c

'}
/;c' cos120 sin 1 0 !sin 20 .:,

cL:r -= \ ::: 1;.11'L~J [-sin 20 sin 20 cos 20 ] I'~~ ,
(39)

where 0 is the angle which the direction of the maximum principal strain forms with the
global x-axis (sec Fig. 4). The vector ccr is used as a measure of the opening and sliding of
the crack.

(c) The energy dissipated in the structure due to cracking in a load increment is
obtained as

(40)

where V is the volume of the structure.
(d) The shear retention factor (Rots et al.. 1985). at a crack is obtained as

p= r....../r~.... where r.·y· is the shear stress parallel to the direction of the crack and r;.y. is
the value obtained from a linear-clastic analysis as r .... = G,,/' ..,.. where G" is the elastic
shear modulus.

4.1. Example I : biaxial compression test
The first example presented is the application of the model to the well known biaxial

compression test of Kupfer et al. (1969). The example consists of the study of the behavior
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Fig. 5. maxial compression test. Relevant I1lilterialparameters <lnu tinite-element mesh.

of a concrete specimen of 20 x 20 x 5 cm (see Fig. 5) suhjected to ditrerent loading con
ditions pure compression, double symmetric compression and double non-symmetric
compression.

The geometry of the test, material properties data and the finite clement mesh of four
standard 4-noded rectangular clements used for the annlysis are shown in Fig. 5. In all cases
an initial stress approach, which circumvents the problem of non-symmetry of the stiffness
matrix due to non-associuted plasticity, has been used. Also, displacements have been
controlled using a standard sphericul path technique (Crisfield, /981).

4.1.1. Pure compression: "22/"" ;: -I/O anti "H::::: O. In Fig. 6(a) numericnl results
oblained with our model for associated and non-associated plasticity have been ploued.
Excellenl agreement of numerical results for the a22-1:22 curve wilh experimenlal tesl, also
ploued in the Fig. 6, is obtained for both cases. Good agreement between experimental and
numerical resulls is also obl~tined for the"n-e II curve. However, associated plasticity seems
to match experimental results beuer after the stress peak in this case.

In Fig. 6(b), numerical results obt.tined by different researchers for the same problem
are shown for comparison. Finally, in Fig. 7, the crack direclions obtained at total failure
in the Gauss points are shown.

4.1.2. Double symmetric compression: (1n/a II ::::: - 1/- I and (1 JJ ;: O. Numerical
results for the (122-622 (or (111-ell) curve as shown in Fig. 8(a). Good agreement with
available experimental data (Kupfer et al., 1969), is obtained for both associated and non
associated plasticity. However. some perturbations of numerical results towards the end of
the test can be observed. These are due to the well-known locking effect in 4-noded
rectangular clements working under incompressibility conditions. as is the case in the
example analyzed when plastic strains develop. This spurious effect can be eliminated by
using reduced integration and other numerical techniques (Crook and Hinton. 1987).
Results obtained by different researchers for the same problem have been plotted in Fig.
8(b) for comparison.
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Fig. 7. Bia~ial compression test. Distribution ofcracking for pure symmetric compression.

4.1.3. Douhlc l/ol/-sY'111I1ctric comprcssiol/: (1::-(111 = - 1/-0.52 (111(/ (1.\~ = O. Numeri·
cal results obtained for the (I::-{::2 and (12:-"11 curves arc shown in Fig. 9(a). Results agree
reasonably well with those reported by Kupfer ('t al. (1969), with errors of 3% and 15%
in the peak stress and the corresponding strains. respectively, for the (1 2:rf.:2 curve for both
associated and non-associated plasticity analysis. The use of non-associ~lledplasticity seems
to be more important to match experimental results for the (122-/:11 curve, although the
peak response is not very precisely reproduced in this case. The dil1iculties of analyzing this
probkm arc evidenced in the reproduction of the numerical results obtained by various
researchers shown in rig.9(b).

4.2. Example 2: al/alysis o./allotc/It't/ heam mixecl./racwrt' mode
This ex,lmple is a reproduction of the experimental test performed by Arrea and

Ingrafl'ca (1981). The geometry of the notched beam, material data and loading conditions
used to induce a mixed fracture mode (modes I and II) arc shown in Fig. 10. As it can be
seen in the figure. the steel beam, used to transmit the loads to the concrete beam, has also
been considered in the analysis (assuming linear behavior) in order to take its rigidity into
account. The numerical analysis was performed using eight-nodcd two dimensional finite
elements, and the mesh used is shown in Fig. lO(a). The crack mouth slidil/g clisplacemenl
(CMSD) at the notch tip (see Fig. IO(b» was controlled using a spherical path technique
(Crisfield, 19X I).

Numerical results for the loadCMSD relation, showing the points ofonset of cracking
(point A>, instability (point B) and ultimate state analyzed (point C) have been plotted in
Fig. II. Good agreement with the experimental results of Arrea and IngralTca (1981), also
plotted in Fig. II, is obtained.

In Fig. 12 the cracking pattern at the peak (point B of Fig. II) and ultimate load (point
C of Fig. II) arc shown. It is interesting to note that cracking localizes in a narrow curved
band only after the peak load, for which all cracks arc distributed almost vertically and
form an angle of ,tpproximatcly 60" to the horizontal axis (see Fig. 12(a». Excellent
agreement between the loculizcd cracking band obtuined numerically and experimentally is
achieved, as can be seen in Fig. 12(c).

The principal stress distributions at the onset of cracking (point A of Fig. II) and the
ultimate st,lte (point C of Fig. II) are shown in Fig. 13. It is worth noting the stress
relaxation in the zone where cracking localizes (see Fig. 13(b». This localization can also
be clearly seen in Fig. 14, where the deformed shape of the beam (magnified 300 times) at
the end or the test is shown.
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Fig. 12. Notched beam. Distribution and locali7.ation of cracking: (a) at the peak stress (B)-all
cracks: (b) at the ultim<tte state (C)-eraeks greater than 3% of lhe maximum crack; (c) at the
ultim<tte state (C)-eomparison with experiment<tl results of Arrea and IngralTea (19!!I)-er<teks

greater than S% of the maximum crack.

S. CONCLUSIONS

The authors believe that they have demonstrated that. when appropriately applied. the
classical theory of plasticity is a useful tool in the rate-independent inelastic analysis of a
material. such as concrete. which by no mcans can be regardcd as clastic-plastic in the
usual scnsc. The significance of the result is both theoretical and practical.

On the theoretical plane. we hope to have helped to show that plasticity theory. when
not interpreted too narrowly. is a very flexible model-one that can be used to describe a
wide variety ofbehavior. including dilatancy and other non-associative phenomena. stiffness
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Fig. 13. Notched heam. Stress field: (a) at the elastic state (A); (h) al the ultimale state (e).

Localization of damaQflY

Fig. 14. Notched beam. Deformed shapc at ultimate state (displacement magnified 30() times). and
localization of the damage.
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degradation. and others. Furthermore. it can be used to gain information about one
phenomenon-<:racking-which is decidedly not one that is usually associated with
plasticity. In other words. plastic strain may be identified with any and all inelastic strain.
including cracking strain.

The practical significance ofour results is that plasticity theory is a rather simple model
in comparison with models based on fracture mechanics or the more sophisticated versions
of continuum damage mechanics. In particular. a large volume of numerical codes for the
solution of problems in plasticity theory already exists. and is continually being enriched.
The excellent agreement with experiment obtained in the solution of a difficult problem
such as that of the notched beam shows that the potential of the present approach is great.

In future work. the authors hope to attack problems that include regions of triaxial
compression through the incorporation of a cap in the yield surface.
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